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Introduction
Let F be a field of characteristic p > 0. A higher derivation on F is a set of additive maps {∂ (n) : F → F | n ≥ 0} satisfying the formulas (b) (g) and
The standard higher derivation {∂ (n) z | n ≥ 0} on the field C (z), where C is an algebraically closed field of characteristic p > 0, is given and determined by the formulas ∂ (n) z m = m n z m−n for all n, m ≥ 0.
These formulas imitate the maps
n . The standard higher derivation on C (z) extends uniquely to a higher derivation on any finite separable extension K of C (z).
The algebra of the differential operators D = D K on the field K (see Grothendieck, 1967, § 16, particularly 16.10; Gieseker, 1975 for the concept and terminology) is a skew K -algebra and has K -basis {∂ 
A stratified differential module M over K is a left D-module which has finite dimension over K . This concept coincides with that of iterative differential module (ID-module) over K (see van der Put, 2003a, 2003b) . This notion is seen as the correct analogue in positive characteristic of complex differential modules.
The naive translation of a differential module in positive characteristic is a K -vector space M of finite dimension over K equipped with an additive map ∂ : In this paper we introduce the notion of stratification for nonlinear differential equations. We restrict ourselves mainly to nonlinear order one differential equations over a finite separable ex-
The derivation D on A extends uniquely to its field of fractions F . We note that F is the function field of a curve X over K . By the genus of f we will mean the genus of X .
Two differential equations over K will be called strictly equivalent if the corresponding differential fields become isomorphic after a finite separable extension of K (compare Ngo et al., 2013 
The aim of this paper, which is a sequel to Ngo et al. (2013) , is to produce and classify stratified order one differential equations in positive characteristic. In the last section, a conjecture in the spirit of the Grothendieck-Katz conjecture is formulated. A proof is given for autonomous equations. 
Criteria for stratification
The following are equivalent:
The field F is a finite separable extension of the purely transcendental field C (z, y) and therefore [F : 
The element h is not algebraic over K , since otherwise h would be separable algebraic over K and
algebraic extension, since both fields have transcendence degree two over C and F is finitely gener-
is the identity, ∂ (n) is on K the given higher derivation and ∂ (n) h = 0 for all n ≥ 1. This action extends in a unique way to an action of D K on F . By construction ∂ (1) coincides with D on K (h) and therefore also on F .
(c) ⇒ (d). We continue the reasoning of (c) ⇒ (a). After multiplying h by a nonzero element • φ and thus φ is a separable algebraic solution. By varying c ∈ C one obtains infinitely many separable algebraic solutions of f (y , y) = 0.
(d) ⇒ (b). Suppose that f (y , y) = 0 has infinitely many separable algebraic solutions and suppose 
Testing the existence of a stratification for autonomous equations
An autonomous equation translates into the function field C (X) of a curve X over C , provided with a meromorphic vector field D = 0 (i.e., a derivation of the field C (X)). The equation is stratified if and only if D p = 0. There are many autonomous stratified equations and we are interested in equations having a geometric meaning. These equations will be called "special". If the genus of X is zero, then the holomorphic vector fields are special. 
According to 1.2, D is stratified if and only if vdx
We recall that C is defined by C(
This definition does not depend on the choice of the separating variable x. Further C is the dual, by Serre duality, of the Frobenius operator
Conclusion. The special vector fields D with
We finish the autonomous case by some examples.
Proposition 2.3. The autonomous Weierstrass differential equation is
(x ) 2 = x(x − 1)(x − λ) with λ ∈ C , λ = 0, 1 and p > 2
. This equation is stratified if and only if the elliptic curve y
Proof. We note that the Weierstrass equation is (up to multiplication by an element in C * ) the only special equation for genus 1. From the above it follows that stratification is equivalent to the action of Frobenius on H 1 (X, O X ) is zero, or, equivalently, the elliptic curve is supersingular. We present another explicit proof.
The function field of the elliptic curve X is F = C (y, 
The elliptic curve y 2 = x 3 − x is supersingular and the equation admits a stratification. We want to make part (c) of Corollary 1.3 explicit and compute the solutions in C (z) sep . Then a is a solution. After shifting z → z + c, c ∈ C one finds other separable algebraic solutions. By taking h 1 ∈ C one obtains a family of separable algebraic solutions.
We note that there is no rational solution x ∈ C (z), since C (x , x) is the function field of an elliptic curve.
As in Katz (1982) , reduction modulo p means that we replace C by a suitable finitely generated Z-subalgebra R and divide R by a minimal prime ideal above pR.
First we will sketch a proof of the easy implication of Conjecture 4.1. In the terminology of Ngo et al. (2013) ] ⊂ F is a transcendental solution. Choose u ∈ F , u / ∈ C with D(u) = 0. Then u is transcendental over C(u) and F is a finite extension of the field C(u, z) and D(u) = 0.
It can be seen that, for almost all primes p, the reduction modulo p has the same feature. Namely:
C is replaced by an algebraically closed field C of characteristic p; K is replaced by a finite separable extension
]. The field of fractions of the latter is a finite separable extension of C (ū, z) with D(ū) = 0, D(z) = 1. According to Theorem 1.1, part (c), this implies that f mod p is stratified.
In the proof of Proposition 4.2 below, the "easy implication" of the conjecture is given a more explicit proof. Proof. Suppose that the equation has an algebraic solution. This is, according to Ngo et al. (2013) , equivalent to the existence of a t ∈ C(X) with D(t) = 1. One may suppose that t, t −1 ∈ R and for almost all primes p the reduction of t modulo p is nonzero. The reduced equation f mod p is stratified according to Corollary 1.3.
Suppose that f mod p is stratified for almost all primes p. Write C(X) as a finite extension of C(x). (Chudnovsky and Chudnovsky, 1985) , it follows that ω is exact. André, 2004; Chudnovsky and Chudnovsky, 1985; van der Put, 2001) .
Following a remark by a referee. Consider the equation (1) y = ry with r ∈ K and K a finite extension of C(z) and its Riccati equation (2) u + u 2 = r.
Suppose that all solutions of (2) are algebraic, then the same holds for (1).
Indeed, let G denote the differential Galois group of (1). A line Cy in the solution space V of (1) corresponds to a solution u = y y of (2). Since u is algebraic, the line Cy is invariant under a closed subgroup of finite index of G. In particular, every line of V is invariant under G o , the component of the identity of G. Since G ⊂ SL(2, C) one has G o = {1} and G is finite. Thus all solutions of (1) are algebraic (compare van der Put and Singer, 2003, Lemma 4.8 for more details). 2
Let (1) p and (2) p denote the reductions of (1) and (2) module a prime p. Suppose that (1) p has p-curvature zero for almost all p. Then (2) p has infinitely many separable algebraic solutions.
Assume that Conjecture 4.1 holds for equation (2) . Then all solutions of (2) are algebraic and the same holds for (1). Thus Conjecture 4.1 for (2) implies the usual Grothendieck-Katz conjecture for (1).
